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Problem Set for Lecture !

The Basic MIU model

Problem 1: Intertemporal budget constraint of the representative house-
hold in the decentralized MIU model
Suppose the aggregate production

Vi = F (K1, Ny)

is of CRTS and assume that households receive their factor income from competitive
factor markets which pay labour and capital according to their marginal products.
Let w; denote the wage rate paid in period t and assume perfect substitutability
between real bonds and physical capital such that 1+, =1+ fi(kj_;) — 6, with
ki = ?:ﬁ

a) Show that the flow budget constraint of the household derived in the Lecture

Notes, ie
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can be rewritten as
k1 + by I myy
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b) Let a; = k; + b, + my. Show that the transversality condition
tlimﬂtktxt =0 x=kbm

implies that the flow budget constraint can be transformed into the intertemporal
budget constraint
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Problem 2: Dynamics in ¢; and k; under additively separable preferences
in ¢; and my

Assuming additively separable preferences in ¢; and m;, the Lecture Notes derive
that V¢ > 0 the dynamics in ¢; and k; are given by the (sub-)system

B(L+ fu(k) = )ve(crr) = veler)
1+7r:
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To obtain a two-dimensional system of first-order difference equations, the Lecture
Notes use the transformation
_.T
Ct = Ct717

and replace the initial system in ¢; and k; by the transformed system in ¢! and k;
s.t. Vt > —1:

B+ filkir) = Ovelciy) = velc)

1+riqa
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Explain why this transformation does not affect the sequence of events, implying
that the transformed and the initial system are equivalent.

Problem 3: First-order linear difference equations
Consider the first-order linear difference equation

1 =04r)-xy+a withir#0, 1+r>0 (1)

Think of (1) as a law of motion governing a bank account which offers a constant
real interest rate r # 0 on the (beginning of period) balances x; and which is subject
to a constant deposit (a > 0) or withdrawal (a < 0) per period.

a) General solution

Verify that

xt:c~(1+7“)t—% (2)

is a general solution of (1), with unknown coefficient c.

b) Backwardlooking stability

Let r < 0 and assume that the initial balance in ¢ = 0 is given (predetermined) by
xo > 0. Derive the definite solution of (2).

c) Forwardlooking stability

Let » > 0 and assume that in ¢ = 0 the starting balance can be flexibly adjusted in
order to satisfy the terminal condition [im xzr = —%. Derive the definite solution

T—o0
of (2).



Problem 4: Dynamics in ¢ and £ under additively separable preferences
in ¢ and m : solution via a phase diagram

Consider the basic MIU model and assume that preferences are additively separable
in ¢; and m;. Consider the dynamic sub-system in ctT and k; s.t. Vi > —1

6(} + fk(kt-&-l) - (i)VC(C?—H) = VC(CtT)
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C? + k’t+1 = f(kt) + (1 — 5)]’6},

as derived in the Lecture Notes.
Assume that preferences with respect to consumption are given by the function

1
7 (I)-ctl_q) with: & > 0,® # 1

vic) =

a) Find an interpretation for the parameter ®.

b) Draw a phase diagram in order to characterize the dynamics in ¢ and k in the
sub-system of equations.

(— Notice that in this particular case you do not need to linearize the consumption
Euler equation.)

c) Interpret the dynamics based on the phase diagram.

Problem 5: 2x2 systems of first-order (linearized) difference equations
Consider the linearized 2x2-system

B = |:h1,t+1 ] _ 4. [ hiy ] —A-h 3)

with general solution (assuming |\;| # 1, i =1,2)

By

SV R S EP Vs G B R (4)

hy = _ _
! ( qy - M qs * o
as derived in the Lecture Notes.

a) Backwardlooking stability

Let

it

i) Hlustrate the dynamics of (3) with a phase diagram.

ii) Calculate the eigenvalues and eigenvectors of A.

iii) Assume that the initial values of h; and hs in ¢ = 0 are given (predetermined)
by hio = hao = 1. Derive the definite solution of (4).

NN
N[O | =



b) Forwardlooking stability (one-dimensional)

Let )
1_

A:[ }
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i) Illustrate the dynamics of (3) with a phase diagram.
ii) Calculate the eigenvalues and eigenvectors of A.
iii) Impose the terminal condition lim h;r = 0 and assume that the initial value

T—o00

of hy in t = 0 is given (predetermined) by heo = 1. Derive the definite solution of

(4).

c) Forwardlooking stability (two-dimensional)

Let
5 1
3]
i) Hlustrate the dynamics of (3) with a phase diagram.

ii) Calculate the eigenvalues and eigenvectors of A.
iii) Impose the pair of terminal conditions 7l}z’m hir =0 and 7{z’m ho = 0. Derive
—00 —00

the definite solution of (4).
Problem 6: Saddlepath-stability of the ¢ — k—dynamics in the basic MIU

model with additively separable preferences in ¢; and m;
The Lecture Notes derive the dynamic sub-system in ¢/ and k; s.t. V& > —1:

B+ filkir) — Ovelcin) = velc)
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CtT -+ kt+1 = f(kt) -+ (1 — 5)/€t

Consider a first-order Taylor expansion of the system around the unique steady state
values £* and c* such that
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and show that the linearized dynamics are locally saddlepath-stable, satisfying the
pattern [A;| < 1 and |Ay| > 1.



